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ABSTRACT 

A method f o r  recursively computing t h e  coer f ic ien t  
of the  time-dependent f and g series solut ion t o  
the  two-body problem i s  derived. To f ind  the  coeff i -  
c l en t s  of t h e  terms i n  t h e  f and g se r i e s ,  time 

der iva t ives  a r e  taken o f  the  funct ion I n  
t h i s  formulation another var iable  9 = h? i s  in t ro-  
duced, and a recursive r e l a t i o n  f o r  the der ivat ives  of 
h is  found i n  terms of the  der iva t ives  of the  radial 
magnitude and of the preceding der iva t ives  of h. A 
recursive r e l a t i o n  f o r  the  der iva t ives  of r i s  then 
derived. A f t e r  the  time der iva t ives  of h a re  deter-  
mined, t h e  coef f ic ien ts  In the  f and g s e r i e s  a r e  
found f r o m  well-known formulas. The convergence prop- 
e r t i e s  of  the f and g s e r i e s  a r e  studied using up 
t o  102 terms. The time i n t e r v a l  of convergence i s  com- 
pared with the computed time radius  of convergence of 
the s e r i e s  with exce l len t  agreement. 

3 h = p / r  . 
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RECURSIVE COMPUTATION OF THE COEFFICIENTS OF TKE TIME-DEPENDENT 

f AND g SERIES SOLUTION OF KEPLERIAN MOTION AND A 

STUDY OF TRE CONVERGENCE PROPERTIES OF THE SOLUTION 

By Victor R .  Bond 
Manned Spacecraft Center 

SUMMARY 

This repor t  formulates a method f o r  recursively computing t h e  coe f f i c i en t s  
of t he  time-dependent f and g series so lu t ion  t o  t h e  two-body problem. To 
f i n d  the  coef f ic ien ts  of t he  terms i n  the  f and g time series, time deriva- 

c a l l y  prohib i t ive  after only a f e w  der ivat ives .  I n  t h e  formulation presented 
i n  t h i s  paper another var iable ,  $ = h+, i s  introduced, which gives a recursive 
r e l a t i o n  fo r  t h e  der iva t ives  of h i n  terms of t he  der iva t ives  of the  radial 
magnitude, r, and of preceding der ivat ives  of h. Recursive r e l a t ions  f o r  t h e  
der iva t ives  of $ and r are then derived. After t h e  time derivat ives  of h 
are determined, t h e  coef f ic ien ts  i n  the  f and g series are found from stand- 
a rd  formulas, 

t i v e s  a r e  taken of  t h e  function, h = p / r  3 . This o rd ina r i ly  becomes algebrai-  

The data  presented provide a comparison o f  the  non-dimensional angular 
momentum f k  - gi' 
value of unity for t he  angular momentum. This comparison ind ica tes  the  number 
of terms which should be used i n  the  f and g s e r i e s  for them t o  represent  
accurately a so lu t ion  t o  the two-body problem f o r  a given set of i n i t i a l  con- 
d i t  ions . 

computed by t h i s  recursive method with the  theo re t i ca l  

The r e s u l t s  show that there  i s  a point beyond which the  use of addi t iona l  
terms i n  the s e r i e s  does not extend the time i n t e r v a l  over which the series 
solut ion i s  val id .  This time i n t e r v a l  may be computed f r o m  the  formula for t he  
radius  of convergence of t he  f and g series. The regions of convergence 
t h a t  are apparent from t he  r e s u l t s  a r e  i n  exce l len t  agreement with the  computed 
values of the radius  of convergence. It i s  demonstrated by four examples t h a t  
t h e  use of 30 terms i n  the  s e r i e s  maintains a high degree of accuracy for a 
time in t e rva l  of approximately one-half the  computed rad ius  of convergence. 

INTRODUCTION 

The so lu t ion  t o  the  two-body problem, or Keplerian motion, may be expressed 
e x p l i c i t l y  as a function of time through the  use of t h e  f and g series. A s  



s t a t e d  i n  reference 1, t h i s  so lu t ion  has been k n m  for sane time, having first 
been used by Iagrange i n  1869. 
i s  t h a t  t he  coe f f i c i en t s  i n  the  series have been very d i f f i c u l t  t o  obtain except 
f o r  about t h e  first six terms. I n  recent  literature ( re fs .  2 and 3)  authors 
comment that s i x  terms are su f f i c i en t  f o r  sho r t  time in t e rva l s  and that t h e  
higher terms are tedious or impractical  t o  obtain.  
a general  or recurs ive  formula f o r  generating t h e  coef f ic ien ts  e x i s t s  but is 
obscure; no attempt is  made t o  present t h e  recursive r e l a t ions .  

The problem encountered i n  using t h i s  so lu t ion  

Reference 4 ind ica tes  that 

Reference 1 descr ibes  a d i g i t a l  computer program which generates up t o  
27 coe f f i c i en t s  for use i n  t h e  f and g series. This program uses a re- 
cursive formulation first discovered by C i p o l l e t t i  i n  1872. 
i s  recursive i n  only a l imi ted  sense because t h e  coef f ic ien ts  of a given order  
depend upon t h e  der iva t ives  of the coe f f i c i en t s  of t h e  previous order. The 
coef f ic ien ts  beyond t h e  s i x t h  or seventh are s t i l l  impractical  t o  obtain by 
hand computation because the re  is  no recursive formulation f o r  t h e  der iva t ives  
of the coe f f i c i en t s  i n  C i p o l l e t t i ' s  method. 

This formulation 

This repor t  includes the der ivat ion of a recursive method f o r  generating 
t h e  coef f ic ien ts  which does not  require  der iva t ive  operations. It a l s o  d is -  
cusses some of t h e  convergence propert ies  of t h e  f and g series and pre- 
sen ts  severa l  numerical examples. 

SYMBOLS 

a semimajor a x i s  

k a 

bk 

k 

coe f f i c i en t s  i n  equation for f ( t )  

coe f f i c i en t s  i n  equation f o r  g ( t )  

coe f f i c i en t s  i n  equation f o r  h ( t )  C 

E eccentr ic  anomaly 

e eccen t r i c i ty  

f ( t )  

g ( t )  

H the  hyperbolic equivalent of E 

h ( t )  series defined by equation (8) 

i 

j index in fe r r ed  from equations (4)  and ( 5 )  

series defined by equation (2 )  

series defined by equation ( 3 )  

index infer red  from equations (16) and (17); fi i n  appendix A 
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L 

L' 

I n  

M 

N 

n 

n max 

RB 

r 

r 

T 

t 

- 

V - 

a 

IJ1 

P 

PH 

B 

angular momentum per  uni t  mass 

the non-dimensional angular momentum, 

natural logarithm 

mean anomaly 

the  hyperbolic equivalent of M 

index infer red  from equations (IO), (16), and (17) 

maximum number of der ivat ives  of h des i red  

radius  of a t t r a c t i n g  body 

pos i t ion  vector  

magnitude of 2 

time of per i -apsis  passage 

time 

ve loc i ty  vector 

parameter defined by equatior, (A7) 

Universal g rav i t a t iona l  constant times mass of a t t r a c t i n g  body 

radius  of convergence 

rad ius  of convergence for hyperbolic o r b i t s  

variable defined by equation (12) 

fg  - gf 

Other Notations : 

( 

( *  1 

nth der iva t ive  of ( ) with respect  t o  t i m e  

der iva t ive  of ( ) with respect  t o  time 

( ) evaluated a t  i n i t i a l  time 

i n  the  series defined by equations (2), ( 3 ) ,  and (8) 
to; or ind ica tes  t h e  f irst  coe f f i c i en t  ( 10 

, t h e  binomial coef f ic ien ts  N! @) i ! ( N  - i ) !  

( )* value of ( ) a t  first s ingular  point  of t he  f and g series 
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DERIVATION 

This formulation of t h e  f and g time series so lu t ion  t o  the  two-body 
problem w i l l  follow t o  a l a rge  extent  t h a t  of Brouwer and Clemence (ref. 71, 
e -cep t  t h a t  vec tor  no ta t ion  w i l l  be used f o r  convenience. 

Tfie solution. t o  the  two-body problem may be wr i t t en  

r and v are t h e  i n i t i a l  pos i t ion  and ve loc i ty  vectors .  The functions 
-0 -0 

f ( t )  and g ( t )  are given by 

The ak and bk a r e  obtained from the  r e l a t i o n s  

- 1  - 
aj+2 - ( j  + l ) ( j  + 2 )  

k=o 

- - ( j  + l ) ( j  - 1  + 2 )  - 2 .  k b j-k 
bj+2 

k=o 

a bo, bl a r e  

a = 1  

a = O  

bo = 0 

0’ 1’ f o r  j 2 0.  The coe f f i c i en t s  a 

0 

1 

b = 1  1 J 
3 The c a r e  der ivable  from t he  Taylor‘s  expansion f o r  -the term p,/r n 

which appears i n  t he  equations of motion 



i : + L r = o  - 3 -  r 

Define the  function 

h ( t )  = 5 
r 

by expanding h ( t )  about t h e  epoch to 

n n=o 

where 

h ( t o )  (n)  
c = -  
n n! 

The subscr ipt  zero w i l l  now be dropped from t h e  notat-an, s ince  a l l  co- 
e f f i c i e n t s  and der ivat ives  w i l l  be assumed t o  be evaluated a t  t 0’ 

Recursive Formula for Time Derivatives of h 

The t i m e  der iva t ives  of h must now be obtained i n  order t o  develop t h e  
solution. 

The f i rs t  der iva t ive  of h i s  

h ( l )  = *. = - 3 2 r r 

A t  t h i s  point  introduce t h e  variable 

$ = h r  (1 1 

Equation (11) becomes 

Take the second der iva t ive  of h from (13) t o  obtain 



Now use (13) to el iminate  $ i n  (14) 

I n  successive der iva t ives  a similar el iminat ion process is followed t o  obtain 

The numerical coe f f i c i en t s  of the terms i n  these  expressions may be found from 
t h e  binomial coe f f i c i en t  r e l a t ion .  For the  n th  der iva t ive  

L J 

Recursive Formula for Time Derivatives of $ 
The der iva t ive  #(n-l) must now be found i n  order t o  evaluate properly 

(16). 
t i o n  (E), the n th  der iva t ive  of # becomes 

Applying Leibni tz’s  r u l e  f o r  t he  d i f f e r e n t i a t i o n  of a product t o  equa- 

Equation (17) may now be used t o  e l iminate  $(n-l) i n  equation (16). Sub- 
s t i t u t e  n-1 f o r  n i n  (17) and obtain 

i-1 

Now subs t i t u t e  (18) i n t o  (16) and obtain 
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Recursive Formula f o r  Time Derivatives of r 

The der ivat ives  of t h e  radial magnitude are now needed t o  complete t h e  
formulation. The f irst  der iva t ive  of r is  found from t h e  i n i t i a l  conditions 

The second der iva t ive  is  found from t h e  equation of motion 

where 

I 1-0 -0 
L =  r x v  

Equation (21) m a y  be wr i t t en  by using (8) 

The t h i r d  der ivat ive of r i s  

or by using (8) and (12) 

The higher der ivat ives  of r follow d i r e c t l y  

der iva t ive  of r m a y  now be wr i t t en  The r (n+2) 
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Method of Computation 

Given: 

( a )  

(b) Set  n = 1 

ro, Io' IJ, to, t, nmax 

Compute h, ,(I), and r ( 2 )  from equations ( 8 ) ,  (20),  and (21).  

Compute h from (19) 

Compute r ( 3 )  from ( 2 5 ) .  

( e )  Se t  n = 2 

Compute h ( 2 )  from (19) 

Compute r (4) from ( 2 5 )  

Continue t h i s  scheme u n t i l  t h e  des i red  number, nmax, of t h e  der iva-  (a) 
t i v e s  of h are found. 

( e )  Compute t h e  en, n = 0, to n from equation (10). 

( f )  Compute t h e  coe f f i c i en t s  ak and bk, k = 0 t o  n + 2 from 

max 

max 
equations (4)  and ( 5 ) .  

( g )  Compute f ( t )  and g ( t )  from equations (2 )  and (3). 

(h )  Compute t h e  pos i t i on  vector r(t) from (1) and a l s o  t h e  ve loc i ty  
vector from t h e  time der iva t ive  of (1). 

Tkis completes t h e  solut ion.  

CONVERGENCE OF THE SERIES I 

I n  reference 6 Sconzo and Hale showed t h a t  t h e  radius of convergence, t h a t  
and t h e  time of t h e  nearest  s ingular  po in t  is, t h e  t i m e  between epoch time 

of f and g, could be found from t h e  expression 
to 
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I 

1 

P =  ,& {M: + F n  (1 + m, e - A T ]  '}' (26) 

where 

O < e < l ,  - f i < M o < f i ,  and a > O  

This r e l a t i o n  is  obviously l imi ted  t o  e l l i p t i c a l  o rb i t s ,  s ince f o r  hyperbolic 
o rb i t s ,  a < 0. 

The semimajor a x i s  a, eccen t r i c i ty  e, and t h e  mean anomaly Mo may 

be cmput.ed from the  formulas 
v . v  

I-L 

1 2 -0 -0 
a r  
- = - -  

0 

r 

0 a (28 1 0 e c o s E  = 1 - -  

r . v  
Q Q  e s i n  E = 
"6 

Mo = Eo - e s i n  E 0 =&(to - T) 
The implication of equation (26) i s  t h a t  t h e  convergence of t he  series de- 

pends not only upon t h e  shape of the  o r b i t  as defined by e and a, but  also 
upon the  i n i t i a l  t i m e  as measured from t h e  time of per iaps is  passage T. 

The radius  of convergence f o r  hyperbolic o r b i t s  i s  given i n  appendix A. 

Four examples are presented t o  i l l u s t r a t e  some of the results o$ t h e  re -  
cursive formulation. I n  each example, t he  values of t he  quant i ty  L = f& - g$ 
are computed severa l  times, each time with a d i f f e r e n t  number of terms ranging 
from 6 terms t o  102 terms. The quant i ty  L '  i s  a constant of t h e  motion as 
shown,in appendix B and should have a constant value of unity.  
of L f r o m  uni ty  must r e s u l t  f r o m  e i t h e r  t runca t ing  t h e  series before a suf- 
f i c i e n t  number of terms have been taken, or from extending the  time i n t e r v a l  
beyond the  radius  of convergence of the  se r i e s .  

Any deviat ion 
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Example 1, low a l t i t u d e  near ly  c i r c u l a r  o r b i t  a b o u t ' t h e  moon: 

r 3 (-1012,4370, -51.263872, -20,120039) n. m i .  

v = (-287.96060, 4914.2673, 1967.3377) f t /sec.  

-0 

-0 

Example 2, a t - i n s e r t i o n  i n t o  t ranslunar  o r b i t  from e a r t h  parking o r b i t :  

r 

v 

= (3091.8028, 1633.2175, 883.5347) n. m i .  

= (-14646.307, 27051.882, 17921.139) f t / sec .  

-0 

-0 

Example 3, approximately 46 hours from inse r t ion  i n t o  a t ranslunar  t r a j ec to ry :  

r 

v 

= (-161265.14, -20351.149, -5044.6929) n. m i .  

= (-3132.8173, -1023.4259, -501.70741) f t l s e c .  
-0 

-0 

Example 4, a t  lunar  sphere of influence on a t rans lunar  t ra jec tory ,  going 
toward the  moon: 

r = (25133.706, -20187.383, -11280.829) n. m i .  

v 

-0 

= (-3090.2697, 2125.8987, 1198.1489) f t / s ec  
-0 

I n  examples 2 and 3, and v are referenced t o  the  geocentric system; 
-0 

and i n  examples 1 and 4, r and v are referenced t o  t h e  selenocentr ic  

system. 
-0 -0 

All four  examples, seen i n  t ab le s  I t o  I V ,  show t h a t  t he  accuracy of the 
series so lu t ion  improves a s  the  number of terms i n  the f and g s e r i e s  in-  
creases f o r  a given time from epoch, as would be expected. It i s  a l s o  seen 
f'rm t ab l e s  I t o  IV t h a t  t he  s e r i e s  so lu t ion  diverges r a the r  sharply near the  
computed values of the  radius  of convergence. The addi t ion  of more terms t o  
the  series w i l l  not  increase the  v a l i d i t y  range of the  solut ion near the com- 
puted value of the radius  of convergence. 

An in t e re s t ing  point  t h a t  can be seen f r o m  tables I1 t o  IV i s  t h a t  
L' 
l a rge r  number of terms; but  t h i s  occurs only a t  valyes of t i m e  g rea te r  than the  
computed radius  of convergence. The numbers fo r  L beyond the  radius of  con- 
vergence have l i t t l e  i f  any meaning. 

may a c t u a l l y  be c lose r  t o  uni ty  with only a f e w  terms than it i s  with a 

The radius  of convergence for example 1 w a s  found from equation (26) t o  be 
p = 3.69 hours. 
very near ly  c i r cu la r .  
exac t ly  zero, t he  radius  of convergence would approach i n f i n i t e  time. 

The eccen t r i c i ty  of t h i s  o r b i t  is  O.OOOOlO32, s o  t h a t  it i s  
For a purely c i r c u l a r  o r b i t  where the  eccen t r i c i ty  i s  
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The r a d i i  of convergence p, f o r  examples 2 and 3 (both are examples of 
near ly  parabolic t r a j e c t o r i e s ) ,  were computed from equation (26). 
it w a s  found t h a t  
p = 45.71 hours. 
and 111. For example 2 the  epoch chosen w a s  0.03941 hour after perigee,  and, 
fo r  example 3 t he  epoch chosen w a s  45.71 hours a f t e r  perigee. 
these  two examples poin ts  out t h e  implicatioin of equation (26), that is ,  t h a t  
t he  rad ius  of convergence depends upon t h e  r e l a t i o n  of epoch t o  the  t i m e  of 
per iaps is  passage. The rad ius  of convergence increases  as to - T, or Mo 
increases .  

For example 2 

These t i m e s  are cons is ten t  with t h e  results shown i n  tables I1 
p = 0.2280 hour, and fo r  example 3 it w a s  found that  

The cont ras t  of 

Example 4 i s  a case represent ing a hyperbolic o rb i t .  The epoch chosen w a s  
13.51 hours before pericynthion passage, and the  r ad ius  of convergence w a s  
13.51 hours. 

The number of terms required f o r  the  so lu t ion  i s  of course d i c t a t ed  by the  
accuracy requirements of t he  problem t o  be solved. It should be noted from 
t a b l e s  I t o  IV t h a t  f o r  30 terms, e igh t -d ig i t  accuracy i s  maintained f o r  a t i m e  
equal t o  about one-half of the  computed rad ius  of Convergence. The t i m e  i n t e r -  
val  over which the s e r i e s  converges increases  with t h e  addi t ion  of more terms, 
but  the change i n  the  time i n t e r v a l  decreases. This'means, of course, t h a t  the  
addi t ion  of more terms w i l l  increase accuracy, but  not always by a s ign i f i can t  
amount. For example, t ab l e  I shows t h a t  e igh t -d ig i t  accuracy i s  maintained t o  
a maximum of 2.20 hours by using 54 terms or by using up -to 102 terms. 
accuracy t h a t  i s  obtained, of course, depends t o  a g rea t  ex ten t  on t h e  accuracy 
of the  computer t h a t  i s  used i n  the  computation. The numerical r e s u l t s  pre- 
sented here were obtained on a 10-digi t  e l ec t ron ic  computer. 

The 

A l l  four examples were computed by using t h e  non-dimensionalized method 
such t h a t  t h e  i n i t i a l  pos i t ion  w a s  i n  n i t s  of t he  radius  

ing body; t h e  i n i t i a l  ve loc i ty  i n  u n i t s  of t h e  c i r c u l a r  sa te l l i t e  ve loc i ty  

RB of t he  a t t r a c t -  

; and time i n  u n i t s  of . This allows the  g rav i t a t iona l  pa- 

r m e t e r  t o  be set equal t o  un i ty  i n  t h e  equations.  

CONCLUDING REMARKS 

A recursive scheme for computing t h e  coe f f i c i en t s  i n  t h e  f and g series 
so lu t ion  t o  t he  two-body problem has been presented. Four examples demonstrate 
t h e  time in t e rva l  over which t h e  series so lu t ion  i s  valid from 6 terms up t o  
102 t,erms. This t i m e  i n t e r v a l  i s  compared with t h e  rad ius  of convergence of 
the f and g series, and exce l len t  agreement i s  obtained. It i s  demonstrated 
by four  examples t h a t  a high degree of accuracy i s  maintained f o r  a time i n t e r -  
val of approximately one-half t h e  computed radius  of convergence by using 
30 terms i n  t h e  series. 
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APPENDIX A 

RADIUS OF CONVERGENCE FOR HYPERBOLIC CASES 

I n  reference 6, it w a s  shown t h a t  t he  r ad ius  of convergence of the  f and 
g s e r i e s  for t he  e l l i p t i c a l  case could be expressed by 

where M3$ i s  the value of  the mean anomaly a t  the  f irst  s ingular  point  of the  
f and g se r i e s .  By analogy, the  radius  of  convergence for the  hyperbolic 
case may be derived by expressing equation ( A l )  as 

where N i s  the  hy-perbolic equivalent of the  e l l i p t i c a l  mean anomaly M, and 
i s  given by 

N = e s inh H - H ( A 3 )  

The value of N a t  t h e  f irst  s ingular  point  of the  f and g s e r i e s  i s  N3$, 
and the  value of N a t  epoch time i s  No. The hyperbolic equivalent of the  

e l l i p t i c a l  eccentr ic  anomaly E i s  H. 

The s i n g u l a r i t i e s  o f  equation ( A 3 )  a r e  given by 

d N  - = e  c o s h H - 1 = O  dH 

This follows since the  s i n g u l a r i t i e s  of  the funct ion H ( N )  are given by 

d H  
dN 
- 4 0 0  

Since for t he  hyperbolic case e > 1, and a l s o  since cosh H 2 1, the  
so lu t ions  of equatlon (.Ah) for H'.' can only be i n  imaginary. Se t t i ng  

where i = J-1 
12 



and subs t i t u t ing  t h i s  expression i n t o  (Ab), 

e cosh (ia) - 1 = 0 

or, since cosh (ia) = cos a 
1 
e cos a = - 

Subs t i tu t ing  equation (A6) and equation (A7) i n t o  equation (A3), the  value 
of N4$ a t  the  f i rs t  s i n g u l a r i t y  i s  

"35 = ~ cos a s inh  (ia) - ia 

But s ince s inh (ia) = i s i n  a 

N* = i ( t a n  a - a )  

Subs t i tu t ing  equation (A8) i n t o  equation (A2) y ie lds  

Nol 
pH = J$ l i ( t an  a - a )  - 

The absolute  value of t h e  complex var iable  pH i s  given by 

1 
2 
- 

pH = E E 0 2 + ( t a n  a - a)? 

The semimajor a x i s  a may be computed as i n  the  e l l i p t i c a l  case from 
equation (27). The e c c e n t r i c i t y  and No a r e  computed from 

r 
0 a ( A m  0 e cosh H = 1 - - 

r . v  
-0 -0 e sinh H = 

N = e  s inh  H - H =/$ (to - T )  
0 0 0 a 

The parameter a i s  computed f r o m  equation (A7). 

I 



APPENDIX B 

THE NON-DIMENSIONAL ANGULAR MOMENTUM, f& - g? 

The quant i ty  f& - gi' may be shown t o  be a constant of t he  motion by 
taking the  cross  product of equation (1 ) 'w i th  i t s  time der iva t ive  

Taking the  cross  product, 

- r x _v = (gof + _vag) x (xoi' + Gk 

Since the  angular momentum z0 X vo must remain constant, 

Theref ore, 

f k  - gi' = 1 

It is seen a l s o  t h a t  the  r a t i o  

T h i s  quant i ty  i s  defined by L' and i s  ca l led  the  non-dimensional angular 
momentum. 

Manned Spacecraft Center 
National Aeronautics and Space Administration 

Houston, Texas, September 9, 1965 

14 



REFERENCES 

1. Sconzo, P.; &Shack, A. R . ;  and Tobey, R . :  Symbolic Computation of f and 
g Se r i e s  by Computer. Astronomical J , ,  vol .  70, no. 4, May 1965, 
pp. 269-271. 

2. Danby, J. M. A. : Fundamentals of Celestial Mechanics. The PhcMillian 
Company, 1962. 

3 .  Herget, P. : The Computation of Orbits.  (Pr iva te ly  published by P. Herget, 
University of Cincinnati ,  Cincinnati ,  Ohio), 1948. 

4. Meacham, R.  C . :  Power Ser ies  Solut ion of  Rocket Equations of Motion. A i r  
Force Missle T e s t  Center (~~-59-18) ,  September 18, 1959. 

5. Brouwer, D. ; and Clemence, G. M. : Methods of Celestial Mechanics. Academic 
Press, 1561. 

6. Sconzo, P.;  and H a l e ,  M . :  Convergence and Truncation Error Study i n  Time 
Ser ies  Expansions. Mission and Mathematical Analysis Rept. 12-010, 
(NASA Manned Spacecraft Center, Contract No. NAS 9-9961, IBM Federal  
Systems Div., 1964. 



TABU I.- NON-DIMENSIONAL AWUIAR MCMENTUM AS A N N C T I O N  OF TIME (EXAMPLE 1) FOR A LOW ALTITUDE NFARLY CIFicLTLAR ORBIT ABOUT THE MOON 

Time, hr 

0.00 

0.20 

0.411 

o . m  

O . A O  

1.00 

1.20 

1.40 

1.60 

1 . A O  

2 . n n  

2.20 

2.40 

2.6n 

2.80 

3.00 

3.20 

3.40 

3 . m  

3.80 

[a = 1015.93 n. mi.: e = 0.00001032; to - T = 0.8017 hr; p = 3.694 hr] 

L' (42 terms) 

I .nnnnnnnn 

1 .ontiqrinon 

I .onnooonn 

I .nntinoonn 

.on oooonn 

.ontinnoon 

,on r l n o o o o  

. o niinnonn 

.u i~onnonn 

. on n n 11 o on 

. u I1 (1 0 11 0 03 

. o o onnn~;! 

.on i inn2w 

0.V9YA7Hbh 

, I  .QRIIYb%ll? 

1'. 651 1P4 37 

-2 .h5 IH79 I7 

-Y.7?M31443 

772.92421770 

.nnoonnno 

.onuonooo . o o 11 o n  n u o 

.noonnnon . n o  0 n (I o 13 

L' (66 terms) 

1. noli 0 00110 

I .nooooono 

1.nunonooo 

i .nononoon 

i.nnnooooo 

i .nooonooo 

1.nonnoonn 

1 .f lO001)00~ 

1.onootioun 

1.oooooono 

I .  o o o n o u o o  

I .nnnnonon 

1 . n o o o n u o i  

n . ~ 9 9 ~ ) 9 7 4  

0.99997926 

0.9994SEH7 

I .ns62?703 

7.5112UOb6 

L '  (78 terms) 

1.nooonooo 

I . n o o o o o n o  
I .nooonooo 

i r n o o o n o n n  
I .oononono 

l.nooonono 
I .nooonono 

1.0000n000 

~ . n ~ u o o o o o  

1 .nooouoon 

1.nononooo 

i . o o o o n o o o  

I .oonouoni 

0.99999997 

i .nononoie 

n.yw92753 

0.97741093 

-1.P4211140 

L' (90 terms) 

1 .nnnonooo 

i.nnnooooo 
1.00000000 

i.nnnoonoo 

1 . o o n o o o o o  
i.oonooooo 
1 .oonooooo 
1.onoooooo 

. o o n o o o o o  

.onoooooo 

.oonooooo 

.nnooonoo 

. n n n o o n o 1  
0.99999991 

0.99999999 

i . o n n n i n 3  

1.00469948 

1 .R4966??6 

7Q.66362500 

L' (102 terms) 

1 .n0000000 

1.00000000 
- i.nooooooo 
1.00000000 

1.nooooooo 
1.00000000 

i .nooooooo 

I .nooooooo 

1.nooooooo 

1.nooooooo 
1 .nooooooo 
i .oooooooi 

1.00000000 

0.99999997 

0.99999997 

0.99999881 

0.99932236 

0.85383660 

24.51076870 

'meoretical value of L' i s  one. 



TABIX 11.- NON-DIMENSIONAL ARXJIAR M m  AS A FUNCTION OF TIME (EXAMPLE 2)  FRM INSERITON INTO TRA"AR ORBIT FROM AN EARTH PARKIM: ORBIT 

Time, hr 

0.00 

0.01 

0.02 

0.03 

0.04 

0.05 

0.06 

0.07 

0.06 

0.09 

0.10 

0.11 

0.12 

0.13 

0.14 

0.15 

0.16 

0.17 

0.18 

0.19 

0.20 

0.21 

0.22 

0.23 

0.24 

n.25 

I-! 

E = 134 467 n. mi.; e = 0.9375; to - T = 0.03941 hr; p = 0.2280 hrl 

T.' (30 terms) 
i .nnnoonoo 

I .r)nnooo~in 

i . o o n o o o a o  

1.nnnnoono 

1.nnnonono 

i .nnnnonno 

i . noooqonn  

i.nonoonno 

1.ooQooonn 

i.nnoooonn 
i .nnoonono 

i .nnnnoono 

1.1 on o 11 o o n 

n.9999YYY9 

0.99999991 

0 .  Y 99999 33 

n.99999503 

0.~99~7476 

0.99916804 

0.99936927 

0.99721R76 

n.YRHSY5h4 

0.95622234 

O.tJ4174949 

0.45R57h47 

-0.760756ii7 

L' (42 terms) 

1 .oniinnooo 

i.nnr1onono 

i .oonnnnoo 

i.nnnnoono 

1.noonnooo 

i.onnnnono 

1.oogooono 
i .nnoonnoo 

~ . o o o o o n n o  
1 .unnoomo 

1.oouonono 
1,oononooo 

1.onnnnooo 

i .nnconnoo 

l .noonooon 

i.oncinnonn 

L' (54 terms) L' (66 terms) 

.onnoonno . n oo  o o n n o 

.nononooo 

.oooonooo 

i.nooonooo 
i.noonnouo 
1.oooonono 

1.ooonnnno 

1.oooonnon 

1.oonooooo 

i .noonnnno 

1.onoonqoo 

i.nononono 
1.ooonnooo 

1 .noooi inoo 

1.000011000 

i.ooounnoi 
i.noonoo19 

i.onnon332 

i . n o o o w m  

i.oonh*1~7 

i.nnein513 

1.0R6293U4 

1.81074814 

Re30096441 

1.110000000 

1.00000000 

1.00000000 

1,nooooooo 

1.00000000 

1.00000000 

i . n o o o o o o o  

1.noonoooo 

1.oooonooo 
1.nooooono 

1.noonoouo 
1.nnnooooo 

1.oonooooo 

1.00000000 

1. no o o o o n o 
1.00000000 

1.nooooooo 
1.oooooono 

3.9999V9913 

0.99999941 

11.99998349 

0.9996117Y7 

il.99197037 

O.556236YO 

-1.275622bl 

-31.114213d7 

-J 

L' (78 terms) 

1.00000000 

1.nooonono 

i.nooooooo 
i.nooonono 

i.nooooooo 
1.00000000 

1.nooooooo 
1.nooooooo 

i.nooooooo 
1 .r)ooonooo 

1 .o0000000  

i .nooooono 

i.nooooooo 
1. ! looooooo 

i.nooooooo 
i.nooooooo 
i.nooooooo 
1 .~10000000  

i.nooooooo 
i.noooooo3 

1.00000127 

1.00005312 

1.00186145 

1.05562255 

2.43728604 

33.a2119273 

L' (go terms) 

1 . o o n o o o o o  

i.oonoooo0 

1.oonooooo 
i.nooaoooo 

1.oonooooo 

1.oonooooo 

1.oonooooo 
1 .oooooooo 

i.oonooooo 
i .nnoooooo 

1.00000000 

1.00000000 

1.00000000 

i . o o n o o o o o  

i.nooooooo 
1.oonooooo 

i.oonooooo 
1.nooooooo 

1.ooooonoo 

1 .00000000  

i.oonooo36 

1.00002833 

1.00179572 

1.09464784 

5.21477953 

L' (102 t e r m )  

1.00000000 

i.nooooooo 
1.nooooooo 

i.aaaaaaaa 
1.00000000 

1.00000000 

I .00OOOOPO 

1.00000000 

1.00000000 

1.00000000 

1.nooooooo 

1.nooooooo 

i.nooooooo 
i.nooooooo 
1.00000000 

1.00000000 

I.00000000 

1.00000000 

1.00000000 

1.00000000 

0.99999988 

0.99998387 

0.99823757 

0.84371270 

-10.44409156 

163.75213523 -689.15565288 

k 'meoretical value of L' IS one. 



TABU 111.- NON-DIMENSIONAL A N G W  MCbEKCUM AS A IVNCTION OF TlME (EXAMPLE 3) FOR INITIAL CONDITIONS 

Time, hr 
0.00 

2.00 

4.00 

6.00 

8.00 

10.00 

12.00 

14.00 

16.00 

18.00 

20.00 

22.00 

24.00 

26.00 

28.00 

30.00 

32.00 

34.00 

36.00 

38.00 

40.00 

42.00 

44.00 

46.00 

48.00 

50.00 

TAI(EN APPROXIMATELY 46 HOURS FRCM INSERTION INTO "EWNAR ORBIT 

ra = 133 311 n. mi.; e = 0.9762; to - T = 45.71 hr: p = 45.n k] 
L 

L' (30 terms) 
1 .irnnnonno 

1. n n n n n n 1) n 

I .Iinnonnan 

i.nnnnnnnn 

1 .onnnnonn 

1 . r inooooon 

i .Ilnnnnoon 

1 .nnnnonon 

.noononno 

. o o n o o n n o 

.nnnnonnn 

.nnoonnnn 

L' (66 terms) 
I .nnnnrioon 

i . o o n o o u o n  

1.nnnooouo 

1.nonooooo 

1.oonooouo 
i .nooouono 

1. no0 o o o o o  

i.nooononn 
1.nooooooo 
1 .oonoonnn 

1 .noooonoo 

i . o o o n o o t ~ n  

1.oooonooo 

i.noooonno 
i . o o n o n o u o  

i.nonnounn 

1.oonooono 

1.nnnonoon 
U.999999Y7 

r1 .9999y~ in  

0.9999 7 5 1 5 

0.99941445 

~ . W H O Y ~ H O  

n.7883n374 

L' (78 terms) 
1.unoonooo 

I .nonoonoo 

1 .nonooooo 

i.oooooono 
 n no no no no 
i.oooonooo 
1.nononono 

1 .oononooo 

1.nooonono 

i .nooonono 

1.nooonnno 

i.nnoonooo 

1 .nooooono 

i .nooonooo 

i .oooonono 

1 .nooonooo 

1.nononooo 

1 . n o o o o o o o  

1.nooonono 

n . ~ w 9 ~ ) 9 9 0  

0.99999510 

0.99979260 

0.9Y263181 

0.77674350 

L' (90 terms) 

1 .nnnonooo 

1 .nono0000 

1 .onnoon00 

1. .nonoon00 

1 .nooooooo 

i.nnnooooo 

i.oonooooo 
1.nooooooo 

.nnnooooo 

.onnooooo 

.nnoooooo 

.oonooooo 

i .nonoonoo 

1.00000000 

1.onnooooo 

i.oonooooo 
1 . o o o o o o o o  

i.nonoooo0 

i .nnnooooo 

n.99999999 

n.99999903 

0.99992635 

0.99542841 

17.76391472 

-9.303371A2 

L' (102 terms) 

1.nooooooo 

1.nooooooo 

1.nooooooo 

1.00000000 

i .nooooooo 
1.00000000 

1.00000000 

11u0000000 

1.nooooooo 

i.nooooooo 
1.00000000 

i.nooooooo 
1.00000000 

1.00000000 

1.00000000 

1.00000000 

1.nooooooo 

1.00000500 

1.00000000 

1.nooooooo 
0.99999981 

0.99997381 

n.9971~928 

0.74996452 

-17.18123839 

-45.74771256 -133.01677646 -3q4.27132685-1lOn.34246en2 

aTheoreticsl value of L' is one. 



TABLE N.- NON-DIMENSIONAL ANGuIdR M c " T U M  AS A FUNCTION OF TIME (EXAMPLE 4) Fm INITIAL CONDITIONS TAKEN AT IJJiU3 SPAERE OF INFLUENCE (GOING TWARDS MOON) F 
P 

w x Time, hr 
09 

0.00 

1.00 

2.00 

3.00 

4.00 

5.00 

6.00 

7.00 

8.00 

9.00 

10.00 

11.00 

12.00 

13.00 

14.00 

15.00 

16.00 

= -2059.46 n. mi.; e = 1.658; to - T = -13.51 hr; pH = 13.51 h r l  

L' (30 terms) 

1.noooonno 

i.nnooonoo 

i.nonnoono 

1.nnnoooon 

i.nnnooooo 
i.nnoonoon 
i.onoonono 
1.nnonnooo 

1. nnoo  11 on6 

1.oonnoi91 

1 .nnnouii4 

l.nnnbh456 

i.nn~4~225 

l.nR918116 

1.4nn117~? 

7.33652349 

L' (42 terms) 

1.nnnnoono 

.onoonor)n 

.oonnnono 

.ooonoonn 

.oooooono 

.onoooooo  

1.nnnonnon 
1.oooonono 
i.ononnnon 

~.ooooooni! 
i.oooooiz5 

1. n n 11 064 n 2 

i.no~3474n 

1.00574330 

2.49120756 

30.514893%9 

L' (54 terms) 

1,ooononoo 

.onoonooo 

. 00000000  

.nononooo 

.oooonnno 

.onoonooo 
1.noooonoo 
1.oooonooo 

1.oononooo 

i.nooonooo 

1 . O O O O ~ J O O J  

i .nnnnnSS8 

i.non58814 

i.n439h422 

3.55409557 

136.41113~~8 

J 

L' (66 terms) 

1.nonooonn 
1.00000000 

1.00000000 

1.000000~b 

1.00000000 

1.ooooooon 
1.nooooooo 
1.nooooono 
1.nooooooo 
1.00000000 

1.00000000 

1.0000004s 

1.n0013588 

1.02719069 

5.11645155 

L' (78 terms) 

1.00000000 

1.00000000 

1.00000000 

1.00000000 

1.00000000 

1.00000000 

1.nooonono 
1.00000000 

1.00000000 

1.00000000 

1.00000000 

i.oooonoo~ 
1.00002894 

1.01558661 

7.30789565 

L' (90 terms) 

i.nooooooo 
.oooooooo 

. o o o o o o o o  

. o o o o o o o o  

.oooooooo 

.oonooooo 

.oonooooo 

.oonooooo 

.oooooooo 

. o o o o o o o o  

i .oonooooo 
1.00000000 

1.oon0o560 

1.00Ar9230 

ln.23325536 

653.94844055 3496.400939942138E.31518555, 

Diverged 

L' (102 terms) 

1.nooooooo 

1 .oooooooo 
I.n0000000 

i.nooooooo 
1.00000000 

I .nooooooo 

1.00000000 

1.00000000 

1.00000000 

1.00000000 

1.00000000 

1.00000000 

1.00000094 

1.003B2623 

13.03481235 

L' is one. 
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